Abstract. My article ["Smooth shifts along trajectories of flows", Topol. Appl. 130 (2003) 183-204] concerning orbit preserving maps for vector fields contains two errors. They imply that the principal statement of that paper holds under additional assumptions on a flow. Unfortunately this result was essentially used in another paper of mine ["Homotopy types of stabilizers and orbits of Morse functions on surfaces" Ann. Glob. Anal. Geom., 29 no. 3 (2006) 241-285]. The aim of this article is to expose the results of the first paper in a right way, extend them to an essentially larger class of vector fields with degenerate singularities, and show that the results of the second paper remain true.
Introduction
Let M be a smooth (C ∞ ), connected, m-dimensional manifold possibly non-compact and with or without boundary. Let also F be a smooth vector field on M tangent to ∂M and generating a global flow F : M × R → M. Denote by Σ F the set of singular points of F .
Let E(F) be the subset of C ∞ (M, M) consisting of maps f such that
(1) f (o) ⊂ o for every orbit o of F ; (2) f is a local diffeomorphism at every singular point z ∈ Σ F . Let also D(M) be the group of C ∞ -diffeomorphisms of M and
be the group of orbit preserving diffeomorphisms for F . For every r = 0, 1, . . . , ∞ denote by E id (F) r (resp. D id (F) r ) the path-component of the identity map id M in E(F) (resp. D(F)) with respect to the weak W r Whithey topology, see Definition 1.4. In particular E id (F) 0 (resp. D id (F) 0 ) consists of maps f which are homotopic to id M in E(F) (resp. D(F)).
Define the following map ϕ : C ∞ (M, R) → C ∞ (M, M) by ϕ(α)(x) = F(x, α(x)) for α ∈ C ∞ (M, R) and x ∈ M. We will call ϕ the shift map along orbits of F and denote its image in C ∞ (M, M) by Sh(F):
Then Sh(F) ⊂ E id (F) ∞ .
1
Suppose that for every z ∈ Σ F there exist local coordinates (x 1 , . . . , x n ) in which z = 0 and F is linear, see e.g. [Si52, St57, V66, Br71, KS73] . In [M1] the author in particular claimed that if in addition M is compact, then D id (F) 0 and E id (F) 0 are either contractible or homotopy equivalent to the circle S 1 when endowed with W ∞ topologies. Unfortunately, it turned out that in such a generality this statement fails and it is necessary to put additional restrictions on F . In fact it was shown that Sh(F) = E id (F) 0 and the mistakes appeared in estimations of continuity of local inverses of ϕ, see [M1, Defn. 15, Th. 17, Lm. 32] and also Remarks 7.3 and 8.1 for detailed discussion.
Moreover, the above description of D id (F) 0 was essentially used in another author's paper [M3] concerning calculations of the homotopy types of stabilizers and orbits of Morse functions on surfaces.
The aim of this paper is to repair incorrect formulations and proofs of [M1] and using [M2, M4, M5] extend the classes of vector fields to which the presented technique can be applied, (Theorem 3.3). In particular it will be shown that the results of [M1] used in [M3] remain true (Theorem 3.5).
1.1. Structure of the paper. For the convenience of the reader and due to the length of the paper we will now briefly describe its contents.
In §2 we recall the notion of shift map and review correct results obtained in [M1] . Also notice that if a flow F of a vector field F is not global, then we can find a smooth function µ : M → (0, +∞) such that the flow F ′ generated by vector field F ′ = µF is global, e.g. [Ha83, Cor. 2]. Moreover, F and F ′ have the same orbit structure and, in particular, the spaces E(F) and E(F ′ ) coincide. Thus it could always be assumed that F is global. Nevertheless, in §10 and §11 we will consider restriction F | W of F to open subsets W ⊂ M and compare shift maps of F and F | W . The latter vector field usually generates non-global flow, therefore in this paper it is chosen to work with local flows from the beginning.
In §3 we introduce a certain class of vector fields F (M) on M and describe the homotopy types of E id (F) k and D id (F) k . In fact, the main result of this paper (Theorem 3.3) claims that for every F ∈ F (M) its shift map ϕ is a local homeomorphism of C ∞ (M, R) onto its image Sh(F) with respect to S ∞ topologies. Whence Sh(F) is either contractible or homotopy equivalent to the circle, and so is the subspace of Sh(F) consisting of diffeomorphisms. On the other hand, it is shown in [M6] that Sh(F) coincides with either E id (F)
1 or E id (F) 0 for each F ∈ F (M). This gives the result. As an application we prove Theorem 3.5 which generalize [M3, Th. 1.3]. The rest of the paper is devoted to the proof of Theorem 3.3.
The assumptions of this theorem imply that ϕ is locally injective, therefore in order to prove Theorem 3.3 it suffices to show that ϕ is open with respect to S ∞ topologies. In §4 we present a characterization of S r,s -openness of ϕ for some r, s ≥ 0, see Theorem 4.2. First we describe local inverses of ϕ V as certain crossed homomorphisms and then show that like for homomorphisms of groups S r,s -openness of the whole map ϕ is equivalent to S s,r -continuity of its local inverse defined only on arbitrary small S s -neighbourhood of the identity map id M .
Further in §5 we recall notorious examples of irrational flows on the torus and some modifications of them. It is shown that shift maps of these flows are not local homeomorphisms onto their images. This provides counterexamples to [M1, Th. 1] and illustrate certain properties prohibited by Theorem 3.3.
In §6 we repair [M1, Lm. 28 ] by giving sufficient conditions for S r,s -openness of ϕ to be inherited by regular extensions of vector fields.
§7 summarizes the formulae for local inverses of shift maps of linear flows obtained in [M1] and "reduced" Hamiltonian flows of homogeneous polynomials in two variables obtained in [M4, M2] . Estimations of continuity of these formulae for linear flows were based on incorrect "division lemma" [M1, Lm. 32], see §7.3. We will show how to avoid referring to this lemma.
§8 provides a correct version of [M1, Th. 17 ], see Theorem 8.2. It reduces verification of openness of ϕ to openness of a family {ϕ V i } of "local shift maps" corresponding to any locally finite cover {V i } of M e.g. by arbitrary small smooth closed disks. The essentially new additional object here is a finite subset Λ ′ ⊂ Λ which appears due to the construction (8. [I03] . This effect appears of course only on non-compact manifolds.
§9 splits the "global analytical problem" of verification of openness of local shift map ϕ V into the following two problems (i) openness of local shift map ϕ W,V corresponding to the restriction F | W to arbitrary open neighbourhood W of V , and (ii) openness of the image Sh(F W , V ) in Sh(F, V ). Due to Theorem 8.2 the set V can also be taken arbitrary small. Hence to solve (i) it suffices to consider vector fields in R n . Thus (i) is a "local analytical" problem. Its solutions for certain vector fields are given in §7.
§10 and §11 present sufficient conditions for resolving (ii) at regular and singular points respectively, see Theorem 10.1 and Lemma 11.2. In bothe cases the assumptions on F are formulated in the terms of dynamical systems theory, and so the problem (ii) can be regarded as a "global topological" one. In the regular case these conditions are also necessary. Moreover, in the singular case they are relevant with the notion of an isolated block introduced by C. Conley and R. Easton in [CE71] , see Lemma 11.5.
Finally in §12 we prove Theorem 3.3.
1.2. Preliminaries. Put N 0 = N ∪ {0} and N 0 = N ∪ {0, ∞}. Let M be a smooth manifold of dimension m. Glue to M a collar ∂M ×[0, 1) by the identity map ∂M × 0 → ∂M and denote the obtained manifold by
Evidently, M ′ has smooth structure in which it is diffeomorphic with the interior IntM. Moreover M is a closed subset of M ′ and ∂M ′ = ∅. We will call M ′ a collaring of M, see Figure 1 . ′ . We will also say that V is D-neighbourhood of every point z ∈ IntV .
Let V ⊂ M be a D-submanifold. If V ∩ ∂M = ∅, then V is a manifold with boundary, otherwise, V is a manifold with corners with ∂M ∩ ∂V ′ as the set of corners. Evidently, M is a D-submanifold of itself, and each z ∈ IntM has arbitrary small D-neighbourhoods each diffeomorphic to a closed m-disk.
Let N be another smooth manifold, N ′ be its collaring, and f : V → N be a map. We say that f is of class C r , r ∈ N 0 , (embedding, immersion, etc.) if it extends to a C r map (embedding, immersion, etc.)
Then it is known well-known that f is C r iff the restriction f | IntV \∂M is C r and all its derivatives have continuous limits when x tends to some point y ∈ ∂V ′ , see e.g. [Wh34, Se64, Mi61, F07] for manifolds with boundary and e.g [MO92, Pr. 2.1.10] for manifolds with corners. Denote by C r (V, N), r ∈ N 0 , the space of all C r maps V → N. Then similarly to [Hi] this space can be endowed with weak W r and strong S r topologies. If V is compact then W r and S r coincide for all r ∈ N 0 . For a subset X ⊂ C r (V, N) denote by X r W (resp. X r S ) the set X with the induced W r (resp. S r ) topology, r ∈ N 0 . Definition 1.4. A homotopy H : V ×I → N will be called an r-homotopy, (r ∈ N 0 ), if for every t ∈ I the map H t = H(·, t) : V → N is C r and all its partial derivatives in x ∈ V up to order r are continuous in (x, t). In other words, H is an r-homotopy iff it yields a continuous path I → C r (V, N) from the standard topology of I to the W r topology of C r (V, N).
Hence for every f ∈ X its path connected component in X r W consists of all g ∈ X which are r-homotopic to f in X . Now let V 1 , V 2 be D-submanifolds of some smooth manifolds, N 1 , N 2 be two smooth manifolds, X ⊂ C ∞ (V 1 , N 1 ) and Y ⊂ C ∞ (V 2 , N 2 ) be two subsets, and F : X → Y be a map. 
Shift map
Let F be a vector field on M tangent to ∂M. Then for every x ∈ M its orbit with respect to F is a unique mapping
, where (a x , b x ) ⊂ R is the maximal interval on which a map with the previous two properties can be defined. By standard theorems in ODE the following
is an open, connected neighbourhood of M × 0 in M × R. Then the local flow of F is the following map
Notice that is x ∈ M is either fixed or periodic for F, then x × R ⊂ dom(F).
be a vector field on R 1 . Then it is easy to see that it generates the following local flow F(x, t) = 
is the path-component of i V in E(F, V ) (resp. D(F, V )) with respect to the W r topology. Denote by func(F, V ) the subset of C ∞ (V, R) consisting of functions α whose graph Γ α = {(x, α(x)) : x ∈ V } is contained in dom(F). Then we can define the following map
by ϕ V (α)(x) = F(x, α(x)). We will call ϕ V the (local) shift map of F on V and denote its image in
0 -open and convex subset of C ∞ (V, R) and the map
is evidently linear and S 1,0 continuous, we see that Γ 
The following inclusions hold true:
The set ker(ϕ V )
V (i V ) will be called the kernel of ϕ V . Lemma 2.3. The following properties of shift map hold true:
(1) ϕ V is W r,r -and S r,r -continuous for all [M1, Lm. 7] , the following conditions are equivalent: 
Main result
Let M be a smooth manifold of dimension m. We will introduce a class F (M) of smooth vector fields F on M satisfying certain topological conditions on regular points and certain analytical conditions on singular points. The main result describes the homotopy types of the identity path components of E(F) and D(F). First we give some definitions.
Recurrent points. Let F be a vector field on M and z ∈ M be a regular point of F , i.e. F (z) = 0. Then z is called recurrent if there exists a sequence {t i } i∈N of real numbers such that lim i→∞ |t i | = ∞ and lim i→∞ F(z , t i ) = z. In particular, every periodic point is recurrent.
First recurrence map. Let z be a periodic point of F , o z be its orbit, and B ⊂ M be and open (m − 1)-disk passing through z and transversal to o z . Then we can define a germ at z of the so-called first return (or Poincaré) map R : (B, z) → (B, z) associating to every x ∈ B the first point R(x) at which the orbit o x of x first returns to B. It is well-known that R is a diffeomorphism at z, e.g. [PM] .
Reduced Hamiltonian vector fields. Let g : R 2 → R be a homogeneous polynomial of degree p ≥ 2, so we can write The following vector field on R 2 :
∂ ∂y will be called the reduced Hamiltonian vector field of g. In particular, if g has no multiple factors, i.e. l i = q j = 1 for all i, j, then D ≡ 1 and F is the usual Hamiltonian vector field of g.
Notice that dg(F ) ≡ 0 and the coordinate functions of F are homogeneous polynomials of degree deg F = a + 2b − 1 being relatively prime in the ring of polynomials R[x, y].
"Elementary" local vector fields. Let F be a vector field on R k . It can be regarded as a map F : R k → R k . Define the following types of such vector fields:
(L) Linear vector field: F (x) = Ax, where A is a non-zero (k × k)-matrix. It will also be convenient to distinguish the following particular cases when A is similar to one of the following real Jordan cell:
for some homogeneous polynomial (3.1) such that deg F = a + 2b − 1 ≥ 2. Thus F is not linearizable i.e. not of type (L). Again we separate the following cases: (HE) a = 0 and b ≥ 2, i.e. g is a product of at least two distinct definite quadratic forms and has no linear multiples. In this case 0 ∈ R 2 is a degenerate global extreme of g; (HS) otherwise, a ≥ 1 and a + 2b ≥ 3, so g has linear multiples. In this case 0 ∈ R 2 is a degenerate saddle critical point for g.
Also notice that the types (L), (H), (HE), and (HS) coincides with the ones considered in [M6] .
Regular extensions and products of vector fields. Let M, N be manifolds, G : M → T M be a vector field on M, and F be a vector field on M × N. Then F can be regarded as a map F :
for some smooth map H : M × N → T N, so G is the "first" coordinate of F and does not depend on y, see e.g. [Bl73, V66] . If H does not depend on x, i.e. is a vector field on N, then
will be called the product of G and H. Moreover, if H ≡ 0, i.e.
F (x, y) = (G(y), 0), then F is said to be a trivial extension of G.
In the case N = R n we will also say that F is a regular or trivial n-extension. Evidently, a regular (trivial) m-extension of a regular (trivial) n-extension is a regular (trivial) (m + n)-extension, see e.g. [V66, M1] .
The following simple statements are left for the reader:
• a trivial extension is the same as a product with zero vector field;
• a product of vector fields is a regular extension of each of them;
• every linear vector field F on R m is a product of vector fields of types (Z), (LR), and (LI);
• every non-zero linear vector field is a regular extension of a linear vector field defined by one of the following matrices: a , The problem of C ∞ linearization of vector field in a neighbourhood of a singular point was studied e.g. in [Si52, St57, V66, Br71, KS73] .
Let F ∈ F (M), z ∈ Σ F , and (T ) denote one of types (Z), (L), (LR), (LI), (H), (HE), or (HS). We will say that z is of type (T ) if in the local coordinates in which F is a product of vector fields F 1 , . . . , F k of some of types (Z), (L), and (H) at least one of F i is of type (T ). Thus a point can belong to distinct types.
Example 3.2. Consider the following vector field on R 6 : 
types (Z), (L), (LR), (H), and (HS).
Denote by Σ (T ) F the subset of Σ F consisting of points belonging to the type (T ). Then Σ
The following theorem summarizes the results obtained in [M6] and in this paper. [M6] . Let F ∈ F (M), ϕ be the shift map of F , and
is compact (this is always true for compact M). Then both maps
are either homeomorphisms or Z-covering maps with respect to
1 is a homotopy equivalence and both spaces are either contractible or homotopy equivalent to the circle. If F has at least one non-closed orbit, or a singular point at which the linear part (i.e. 1-jet) of F vanishes, then D id (F)
1 and E id (F) 1 are contractible.
The first statement of this theorem concerning the image of shift maps is established in [M6] under more general assumptions on F . Therefore we will be proving the second part of Theorem 3.3, see §12. Notice that in comparison with [M1, Th. 1] two additional assumptions as added: "non-ergodicity" condition (like absence of recurrent orbits) and compactness of certain subset of singular points.
Functions on surfaces.
As an application of Theorem 3.3 we will now show that [M3, Th. 1.3] which used incorrect results of [M1] remains true. Moreover, we extend the latter theorem to a large class of functions on surfaces with degenerate homogeneous singularities satisfying certain "secondary" non-degeneracy conditions.
Let M be a compact surface, P be either the real line R or the circle S 1 . For a smooth map f : M → P denote by Σ f the set of its critical points. Let also S(f ) = {h ∈ D(M) : f • h = f } be the stabilizer of f with respect to the action of D(M) on C ∞ (M, P ) and S id (f ) r be the identity component of S(f ) with respect to the W r topology, (r ∈ N 0 ). We will endow S id (f ) r with the W ∞ topology.
takes constant values on connected components of ∂M and has no critical points on ∂M; (ii) for every z ∈ Σ f the map f is C ∞ equivalent near z to a homogeneous polynomial g z without multiple factors such that deg g z ≥ 2.
Then the following conditions hold true.
1) If M is orientable and Σ f consists of non-degenerate local extremes only, i.e. f is a Morse map without critical points of index
1, then S id (f ) ∞ = · · · = S id (f ) 0
and this space is homotopy equivalent to the circle.
2) If f has degenerate local extremes, then Similarly to [M3, Lm. 5.1] using (i) and (ii) it is possible to construct a vector field F on M with the following properties: 
and
Then it is easy to see that F belongs to class F (M). Indeed, conditions (a) and (b) are evident. Moreover for every periodic point of F its first recurrent map is the identity, which implies (c). Finally (d) follows from (C).
Also notice that Σ
consists of non-degenerate critical points of index 1 (saddles), Σ (LI) F is the set of non-degenerate local extremes, Σ (HE) F is the set of degenerate local extremes, and Σ (HS) F is the union of all other (non-extremal degenerate) critical points of f . In particular, all these subsets of Σ F are mutually disjoint and their union is Σ F .
2) Suppose that Σ f contains degenerate local extremes, i.e. Σ 
Openness of ϕ
Let V ⊂ M be a D-submanifold. Our aim is to find sufficient conditions for the shift map ϕ V : func(F, V ) → Sh(F, V ) to be a local homeomorphism with respect to S ∞ topologies. Since ϕ V is S r,r -continuous for all r ∈ N 0 , this is equivalent to S ∞,∞ -openness of ϕ V . Moreover, as ϕ V is locally injective, we can also require that its local inverses are S ∞,∞ -continuous and defined on S ∞ -open subsets of Sh(F, V ). In this section we show that S r,s -openness of ϕ V for some r, s ∈ N 0 is equivalent to S s,r -continuity of its local inverse defined only on some neighbourhood of the identity
Definition 4.1. Let A be a group and S be a semigroup with unit e. Then the right action of S on A is a map * : A×S → A such that α * e = α and α * (f g) = (α * f ) * g for all α ∈ A and f, g ∈ S. A map σ :
Suppose for the moment that F generates a global flow F. Put S = Sh(F) and
Then A is an abelian group and by [M1, Eq (8)] S is a subsemigroup of C ∞ (M, M) acting from the right on A as follows:
Suppose also that the shift map ϕ of F is injective, i.e., ϕ :
is a crossed homomorphism, i.e.
If ϕ is not injective, then the local inverse of ϕ near id M is a "local crossed homomorphism". Moreover, if F is not a global flow, then func(F) is an open subset of C ∞ (M, R) containing the zero function, i.e. a "local group".
Notice that if Sh(F) were a group and ϕ −1 were a homomorphism, then continuity of ϕ −1 would be equivalent to its continuity at the unit element id M only, which of course is a simpler problem. In our case Sh(F) is just a semigroup, ϕ −1 is a local crossed homomorphism, and func(F, V ) is in general a local group. Nevertheless we will now show that continuity of local inverses of ϕ is equivalent to continuity of the local inverse of ϕ at i V : V ⊂ M. (
In other words
Since ϕ V is locally injective with respect to the S 0 topology, condition (1) means that for every α ∈ func(F, V ) there exists an For every α ∈ C ∞ (V, R) define the following subset of
and consider a map q α :
It is easy to see that
. Also notice that, q α is S r,r -continuous for all r ∈ N 0 and that i V ∈ U α if and only if α ∈ func(F, V ).
Lemma 4.3. The image of q α coincides with U −α and q −α is its inverse, i.e., q −α = q −1
Hence q α (U α ) ⊂ U −α and q −α • q α = id Uα . Interchanging α and −α will give the result. Now we turn to the proof of Theorem 4.2. For every α ∈ func(F, V ) set
V (U) and thus α ∈ M α . We will show that M α satisfies the conditions a)-c) above. a) The restriction of ϕ V to M α is 1-1, since so is ϕ V | M 0 . Conditions b) and c) are implied by the following lemma:
Define the following S r,r -homeomorphism
Then we obtain the following commutative diagram:
Then f (x) = F(x, β(x) − α(x)), i.e. f ∈ Sh(F, V ) and therefore
In other words,
. Lemma 4.4 and Theorem 4.2 are completed.
Examples when shift map is not open
In this section we discuss four examples of well-known flows whose shift maps turn out not to be homeomorphisms onto their images. They have similar nature, but are given on different types of manifolds. These example provide counterexamples to [M1, Th. 1]. All manifolds in this section are compact, therefore we will not distinguish weak and strong topologies. In all the examples below our vector fields will satisfy the assumptions of the following simple lemma: Proof. Consider the following W 0 -neighbourhood of the zero function:
Suppose that there is a W r -neighbourhood N of id M such that N ⊂ ϕ(M 0 ). By assumption there exists a constant function t > 1 such that ϕ(t) ∈ N . Since ϕ is injective, and t ∈ M 0 , we obtain that ϕ(t) ∈ ϕ(M 0 ), whence N ⊂ ϕ(M 0 ). This contradiction implies that ϕ is not W r,s -open for any r, s ∈ N 0 .
Irrational flow. For simplicity we will consider the irrational flow on T 2 . Let µ ∈ R be an irrational number and F be the irrational flow on the 2-torus
given by F(x, y, t) = (x + t, y + t/µ).
Lemma 5.2. The shift map ϕ :
Proof. Notice that every orbit of F is non-closed and everywhere dense, so ϕ is injective. First we give convenient formulae for the metrics generating W r topologies on
be the fundamental domain for the covering map p : R 2 → T 2 . Define the r-th norm of f by
where {|t|} is the fractional part of the absolute value of t ∈ R.
Let ε > 0 and
2 ) for some ε > 0. We will show that there exists arbitrary large (by absolute value) n ∈ Z such that ϕ(nµ) = F nµ ∈ N r ε . Then our lemma will follow from Lemma 5.1.
Notice that F nµ (x, y) = (x + nµ, y + n) ≡ (x + nµ, y) for all n ∈ Z, i.e., F nµ is just a "rotation along the first coordinate". Since this map is defined by adding constants to coordinates, it follows from formula for f r that for each r ∈ N 0 the distance between id T 2 and F nµ with respect to the W r topology is equal to
and therefore does not depend on r.
Since µ is irrational, the set T µ = {min({|nµ|}, 1 − {|nµ|})} n∈Z is everywhere dense in S 1 = R/Z. Hence there are arbitrary large (by absolute value) n ∈ Z such that F nµ − id T 2 r < ε, i.e. F nµ ∈ N r ε . Irrational flows on a solid torus. Let D 2 = {z ∈ C : |z| ≤ 1} be the unit disk in the complex plane, T = S 1 × D 2 be the solid torus, and µ be an irrational number. Define the following flow on T by F(φ, z, t) = (φ + t mod1, e 2πt/µ z). Then by the arguments similar to Lemma 5.2 is can be shown that F satisfies assumptions of Lemma 5.1.
The main feature of this example is that F has periodic orbit γ = S 1 × 0 and all other ones are recurrent. Let B = 1 × D 2 be and R : B → B be the first recurrence map of γ defined by R(z) = e 2π/µ z, i.e. it is the rotation by 2π µ
. Then R is not periodic, eigen values of its tangent map T 0 R at 0 ∈ B have modulus 1, and the iterations of R can be arbitrary close to id B . Thus F satisfies all assumptions but (b) of Definition 3.1 of class F (T 2 ). Periodic linear flows. Given λ 1 , . . . , λ n ∈ R define the following linear flow on R 2n = C n by (5.1) F(z 1 , . . . , z n , t) = (e i λ 1 t z 1 , . . . , e i λnt z n ).
Evidently, the closed 2n-disk D r of radius r and centered at the origin is invariant with respect to F.
Lemma 5.3. The following conditions are equivalent:
(1) F τ = id C n for some τ > 0, i.e. λ j τ /2π ∈ Z for all j = 1, . . . , n; (2) every z ∈ C n is either fixed or periodic with respect to F; (3) at least one point z = (z 1 , . . . , z n ) with all non-zero coordinates is periodic. A flow satisfying one of these conditions will be called periodic.
Proof. The implications (1)⇒(2)⇒(3) are evident. (3)⇒(1) Let z ∈ C n be a point with all non-zero coordinates and τ be the period of z with respect to F. Then e i λ j τ z j = z j = 0 for all j = 1, . . . , n, whence λ j τ /2π ∈ Z.
Lemma 5. Proof. By Lemma 5.3 every point z ∈ C n with all non-zero coordinates is non-periodic and it is easy to see that its orbit is dense on some open subset of the sphere S 2n−1 |x| = ∂D |x| of radius |x|. In particular, this orbit is non-closed, whence the shift map of F is injective. Then similarly to Lemma 5.2, we can find arbitrary large t ∈ R such that F t is arbitrary close to id R 2n in any of W r topologies.
Flow on S 2n , n ≥ 2. We will now extend the last result for the construction of a flow on the sphere S 2n with two fixed points at which this flow is linear.
2 \ {0}. Hence these flows determine a unique flow F ′ on S 2n with two fixed points. Moreover, F ′ is linear on the charts R 2n 1 and R 2n 2 at these points. Now suppose that F is not periodic. Then we can find arbitrary large t ∈ R such that F t is arbitrary close to id R 2n in any of W r topologies. This implies that F ′ satisfies assumptions of Lemma 5.1.
Regular and trivial extensions
The results of this section will allow to estimate continuity of shift maps for vector fields of types (L) and (H).
Let M, N be two manifolds, G be a vector field on M, F be some regular extension andḠ be the trivial extension of G on M × N. Thus F (x, y) = (G(x), H(x, y)),Ḡ(x, y) = (G(x), 0), for some smooth map H : M × N → T N. By F,Ḡ, and G we will denote the corresponding local flows, and by ϕ,ψ, and ψ the corresponding shift maps of F ,Ḡ, and G. It is easy to see that
Moreover, (6.2) F(x, y, t) = (G(x, t), H(x, y, t)),Ḡ(x, y, t) = (G(x, t), y), for some smooth map H : dom(Ḡ) → N. Let V ⊂ M ×N be a connected compact D-submanifold. Then it follows from (6.1) that func(F, V ) is W 0 -open in func(Ḡ, V ). Define the map
by the rule: if f ∈ Sh(F, V ), and f (x, y) = (A(x, y), g(x, y)), then P (f )(x, y) = (A(x, y), y). It follows from (6.2) that P is well defined and is W r,r -continuous for every r ∈ N 0 . Moreover, we have the following commutative diagram: 
is W s -open in Sh(F, V ) due to W r,s -openness ofψ V and W s,s -continuity of P . (2) Let α ∈ func(F, V ) and f = ϕ V (α). We will find a W s -neighbourhood of f such that P | N is 1-1.
Since both ϕ V andψ V are W r,s -open and locally injective with respect to W 0 topologies of func(F, V ) and func(Ḡ, V ) respectively, there exists a W r -neighbourhood M of α in func(F, V ) such that N = ϕ V (M) is a W s -neighbourhood of f in Sh(F, V ) and the restrictions of ϕ V andψ V to M are 1-1. Then it follows from (6.3) that P | N is 1-1 as well.
(3) Let M ⊂ func(F, V ) be a W r -open subset and α ∈ M. We will show that there 
(4) Suppose that bothψ V and ϕ V are not injective. We will show that for some m > 0 there exists a free P -equivariant action of the group Z m on Sh(F, V ) such that P (f ) = P (g) iff f, g belongs to the same Z m -orbit. This will give us a decomposition P : Sh(F, V ) q − → Sh(F, V )/Z m σ − → Sh(Ḡ, V ) in which q is a covering map, and σ is a bijection with the image P (Sh(F, V )) ⊂ Sh(Ḡ, V ). Then q will be locally injective with respect to the W 0 topology since Z m is a finite group. Hence so will be P . By Lemma 2.3(5b) func(Ḡ, V ) = func(F, V ) = C ∞ (V, R), ker(ψ V ) = {nη} n∈Z , and ker(ϕ V ) = {nη} n∈Z for some smooth functionsη, η : M × N → (0, ∞) such that G(x, y, t +η(x, y)) ≡Ḡ(x, y, t), F(x, y, t + η(x, y)) ≡ F(x, y, t).
It follows thatḠ(x, y, t + η) = (G(x, t + η), y) = (G(x, t), y) =Ḡ(x, y, t), whence η ∈ ker(ψ V ), i.e. η = mη for some m ∈ Z.
In particular, by (2) of Lemma 2.3,η is constant along orbits of F . Since for every α ∈ func(F, V ) the map ϕ V (α) preserves every orbit of F , we have thatη
. Then we can define an action * of the group Z m on Sh(F, V ) by
Evidently this action is free and by (6.4) is equivariant with respect to P . Moreover, let f = ϕ V (α), g = ϕ V (β) for some α, β ∈ func(F, V ) and suppose that P (f ) = P (g), i.e.ψ V (α) =ψ V (β). Then it follows from (3) of Lemma 2.3 that α − β = kη for some k ∈ Z, whence f = ϕ V (kη) • g. Moreover, since η = mη, we may take k modulo m. In other words, P (f ) = P (g) iff f = k * g for some k ∈ Z m .
Vector fields of types (L) and (H)
Lemma 7.1. [M4, M2] . Let g : R 2 → R be a homogeneous polynomial, G be its reduced Hamiltonian vector field, F be a trivial n-extension of G on R n × R 2 , and 
Proof. In the cases 1-3 we will first suppose that F is a trivial n-extension of G. Then F is linear and is generated by the following matrix 0n 0 0 B , where 0 n is the zero (n × n)-matrix. Let τ denote the coordinates in R n . Case 1. In this case F (τ, x) = ax ∂ ∂x , (a = 0), F generates the following global flow F(τ, x, t) = (τ, xe at ) on R n+1 , ϕ V is injective (because F has non-closed orbits), its image Sh(F, V ) consists of maps f = (f 1 , f 2 ) ∈ C ∞ (V, R n × R) satisfying the following conditions:
and the inverse mapping ϕ
for (τ, x, y) ∈ R n+2 and it generates the following flow F(τ, x, y, t) = (τ, x + yt, y). Then ϕ V is again injective (since F has non-closed orbits), its image Sh(F, V ) consists of mappings
and the inverse map ϕ
V is W r+1,r -continuous for all r ≥ 0. Case 3. We will regard R n+2 as R n × C. Since a = 0, we have that F has nonclosed orbits, whence again its shift map ϕ V is injective but now the image Sh(F, V ) can not be described so simply as in the previous cases. Let α ∈ C ∞ (V, R) and
Notice that we can define complex conjugatef 2 and its partial derivatives 
and that the numerator of the last fraction is equal to zero, when y = 0. It follows from this formula and the Hadamard lemma that the expression of α via f contains partial derivatives of f up to order 2. Hence ϕ −1 V is W r+2,r -continuous for all r ≥ 0.
Since in the cases 1-3 ϕ V is injective, it follows from (1) of Theorem 6.1 that the same estimations of continuity of ϕ Case 4. It follows from Lemma 7.1 that local inverses of ϕ V are W ∞,∞ -continuous. Notice that in this case we claim nothing about openness of shift maps of regular extensions F of G 4 , since due to Theorem 6.1 it is necessary to have additional information about F .
Case 5. We will regard R 4 as C 2 . Suppose at first that F is a trivial n-extension of G. Since G is a regular 2-extension of G 4 , we see that F is a regular (n + 2)-extension of G 4 . Let alsoḠ be a trivial (n + 2)-extension of G 4 . Thus F andḠ are defined on R n × C × C and generate the following global flows:
Then the shift maps ϕ V andψ V of F and G respectively are given by
Similarly to (6.3) define P : Sh(F, V ) → Sh(Ḡ, V ) by the following rule:
By the case 4 the shift mapψ V :
Since G has non-closed orbits,ψ V is always injective, whence it will follow from (1) of Theorem 6.1 that the shift map of any regular extension of G is W ∞,∞ -open as well. By (3) of Theorem 6.1 it suffices to show that P is locally injective with respect to the W 1 topology. Evidently, ψ −1 V •ψ V (α) = {α+θ n} n∈Z , whence we obtain from (7.3) that
We claim that the restriction P | N is 1-1.
Since ϕ V is injective map, it suffices to establish that whenever both ϕ V (β) and ϕ V (β + θ n) belong to N for some β ∈ C ∞ (V, R), then n = 0. Notice that
Case 6a. In this case F is a regular extension of G 4 . Since the flow F is periodic, we have that the shift maps of F and G 4 are not injective and by the case 4 the shift map of G 4 is W ∞,∞ -open. Then by (4) of Theorem 6.1 so is the shift map of F . Case 6b. In this case ϕ V is injective, but as it is shown in Lemma 5.4 its inverse map is not even W ∞,∞ -continuous. Lemma 7.2 is completed.
Remark 7.3. Incorrect estimations of continuity of local inverses of ϕ V given in [M1, pages 199-200] were bases on at the following "division lemma", which was wrongly formulated 1 in [M1] .
1 In [M1, Lm. 32] it was claimed that Z −1 is W r,r -continuous for all r ∈ N 0 . But the latter inequality in the proof of [M1, Lm. 32] actually shows W r,r -continuity of Z but not of its inverse.
The case F = R easily follows from the Hadamard lemma, see also [MoS85] . The case F = C is more complicated and can be established by the methods of [M4, M2] but during the proof of Lemma 7.2 we avoided referring to it.
Fragmentation
The aim of this section is to repair [M1, Th. 17] by giving a sufficient condition for the shift map ϕ : func(F) → Sh(F) to be either a homeomorphism or an infinite cyclic covering map with respect to S ∞ topologies, see Theorem 8.2.
Remark 8.1. The error occurred in the third paragraph of [M1, Th. 17], where it was claimed that "... the image be an S r -neighbourhood of α| V i in func(F, V i ). It follows from assumption about openness of
where
be the "restriction to V i " maps. Then we have the following commutative diagram
By definition ϕ and ϕ V i as surjective. It also follows from definitions of func(F) and func(F, V i ) and assumption that V i is a D-submanifold, that every σ ∈ C ∞ (V, R) extends to someσ ∈ C ∞ (M, R). Moreover, if σ ∈ func(F, V i ), we can assume that σ ∈ func(F), whence p i (func(F)) = func(F, V i ). Therefore q i is surjective as well. It follows from definition that
Since {V i } i∈Λ is a locally finite cover and Λ ′ is finite
We will now show that
This will complete our theorem. It follows from (8.2) and (
. We have to find (possibly another) function β ∈ M such that g = ϕ(β). Since the restriction of
It remains to show that β i = β j on V i ∩V j for all i, j ∈ Λ. Since {IntV i } i∈Λ is a cover of M as well, the family of functions {β i } i∈Λ will define a unique smooth function β ∈ ∩ i∈Λ p −1 i (M i ) = M such that β| V i = β i and ϕ(β) = g. This will prove (8.4) and complete our theorem.
Since Σ F is nowhere dense, we see that β i = β i on all of V i ∩ V j as well.
Replacing M with an open subset
Theorem 8.2 reduces the verification of openness of the shift map to openness of a family of shift maps {ϕ V i }, where {V i } is any locally finite cover of M by Dsubmanifolds. Our next aim is to "localize" the verification an openness of ϕ V by replacing all the manifold M with an open neighbourhood W of V .
Let F be a vector field on M, W ⊂ M be a connected, open subset, and
, and the corresponding shift map ϕ W,V of F W coincides with ϕ V on func(F W , V ), i.e.
The following statement characterizes openness of ϕ V via openness of ϕ W,V .
Theorem 9.1. Let V ⊂ W be a D-submanifold, and r, s ∈ N 0 . Then the following conditions (A)-(C) are equivalent:
Moreover, ϕ V coincides with ϕ W,V on func(F W , V ). Therefore σ is also a section of
Emphasize that in this theorem W is an arbitrary open neighbourhood of V .
10. Openness of Sh(F W , V ) in Sh(F). Regular case.
Let z be a regular point of F , i.e. F (z) = 0. In this section we present necessary and sufficient conditions for W r,r -openness of local shift map ϕ V , where V is arbitrary small D-neighbourhood of z, see Theorem 10.2. As a consequence we will obtain the following The proof will be given in §10.8. Since z is a regular point of F , there exist ε > 0, a neighbourhood W ′ of z, and a diffeomorphism η :
such that in the coordinates (y, s) on W ′ induced by η we have that F((y, s), t) = (y, s + t), whenever s, s + t ∈ (−4ε, 4ε). We will call W ′ a 4ε-flow-box at z, see Figure 3 . Let 
for α ∈ U V . Thus ϕ V (α) = (P 1 (α), P 2 (α)).
Theorem 10.2. Let V ⊂ W be a connected compact D-submanifold, and 0 : V → R be the zero function.
(1) Then the map P 1 is locally constant with respect to the W 0 topology of U V and its image
) with respect to the W r topology.
Proof.
(1) We need the following lemma:
Lemma 10.3. Let α, β ∈ U V . Then one of the following conditions holds true:
Proof. Define the following three open, mutually disjoint subsets of V :
. Let x ∈ V and suppose that |β(x) − α(x)| ≥ 2ε, i.e. x ∈ K 1 . Since W is the central ε-flow-box of a 4ε-flow-box, and
Since V is connected and K i are open and disjoint, we obtain that V coincides with one of them.
(
for all x ∈ V . Suppose that |τ | < 2ε on all of V . Recall that F(y, s; t) = (y, s + t) whenever s, t, s + t ∈ (−4ε, 4ε) and y ∈ R m−1 . Since |P 2 (α)|, |P 2 (β)| < ε, we obtain that |P 2 (α) + τ | < 3ε and (P 1 (β), P 2 (β)) = g (10.3) === F(P 1 (α), P 2 (α); τ ) = (P 1 (α), P 2 (α) + τ ).
Hence P 1 (β) = P 1 (α) and P 2 (β) = P 2 (α) + β − α. It will follow from (i) that ϕ V (β i ) ∈ Sh(F W , V ) = ϕ V (A 0 ), and in particular β i ∈ A 0 = func(F W , V ) for all i ∈ N. Then from (ii) we will obtain that Sh(
Since P 1 (0) is not isolated in im P 1 , there exists a sequence of classes {A i } distinct from A 0 such that their images P 1 (A i ) converge to P 1 (A 0 ) in the W r topology. It is easy to see that for every i ∈ N there exists a function β i ∈ A i such that P 2 (β i )(x, s) = P 2 (0)(x, s) = s. Indeed, take any β ′ i ∈ A i and set β i = β
We claim that the sequence {β i } i∈N satisfies conditions (i) and (ii). Property (i) holds since P 1 (β i ) = P 1 (A i ) = P 1 (A 0 ) for all i ∈ N.
Moreover, we have that Proof. Notice that
and the inverse map ϕ 10.7. Periodic case. Let z be a periodic point of F . We will show that for a sufficiently small flow-box at z the images of ∼-classes defined in 10.4 can be described in terms of its first recurrence map only, see (10.5).
Let θ be the period of z, B be a codimension one open disk which transversally intersects the orbit of o z at z, and R : (B, z) → (B, z) be the first recurrence map. Let also ε < θ/5 and η : W ′ → R m−1 × (−4ε, 4ε) be a 4ε-flow-box at z. Decreasing W ′ we can assume, in addition, that
B ⊂ W , and B is transversal to all orbits of W ′ , so that the restriction p 1 | B :
Then d preserves the first coordinate.
Let W ⊂ W ′ be the central ε-flow-box, V ⊂ W be a connected D-neighbourhood of z, and A be the ∼-class of U V . Then it follows from (10.4) that there exists a unique k ∈ Z such that |α(z) − kθ| < ε for every α ∈ A, and (10.5)
10.8. Proof of Theorem 10.1. Due to Theorem 10.2 it suffices to find a 4ε-flowbox neighbourhood W ′ of z such that for every connected D-neighbourhood V of z, contained in the central ε-flow-box neighbourhood W , the image P 1 (0) is an isolated point of P 1 (U V ) in the W r topology, where r ≥ 0 in the cases (a) and (b), and r ≥ 1 in the case (c).
(a) Suppose that z is non-recurrent. Then there exist ε > 0, and a 4ε-flow-box neighbourhood W ′ of z such that F(z, t) ∈ W ′ iff |t| < 4ε. Let W ⊂ W ′ be the central ε-flow-box and V ⊂ W be a connected D-neighbourhood. Then it follows from Lemma 10.3 that there exists only one equivalence class of ∼. Hence im P 1 = P 1 (0), and thus P 1 (0) is isolated in im P 1 in any of W r topologies. Suppose that z is periodic. Let B be a codimension one open disk which transversally intersects the orbit of o z at z, R : (B, z) → (B, z) be the first recurrence map, and W ′ , W , and V be such as in §10.7. (b) If the germ of R at z is periodic of some period q, then we can assume that there exists an open neighbourhood E ⊂ B of z such that R(E) = E and d(V ) ⊂ E. Then it follows from (10.5) that the image of P 1 is finite and consists of q points. Hence P 1 (0) is isolated in im P 1 in any of W r topologies. (c) Suppose that the tangent map T z R : T z B → T z B has at least one non-zero eigen vector v ∈ T z B ⊂ T z V with eigen value λ such that |λ| = 1. Then
be the tangent map of p 1 at z and u = T z p 1 (v). Then for every class A corresponding to some k ∈ Z we have that
Since |λ| = 1, we see that P (0) is isolated in im P 1 in any of W r topologies for r ≥ 1. 
We will now present a sufficient condition which guarantees that func(F W , V ) = U V . Due to (11.2) this will imply that
In particular we prove (11.3) for vector fields of types (Z), (L), (H) and their products.
Definition 11.1. Let V ⊂ W be a subset. We will say that a pair (W, V ) has proper boundary intersection property (p.b.i.) if for any x ∈ V , a ∈ R, and T > 1 such that Figure 4a ).
Roughly speaking, if the orbit o x of any x ∈ V leaves W for a certain amount of time and comes back into W , then during this time it must leave the closure W . In Figure 4b The following lemma is the crucial implication of p.b.i.:
Proof. Let α ∈ U V , so F(x, α(x)) ∈ W for all x ∈ W . We have to show that α ∈ func(F W , V ). It suffices to verify that the following subset of V :
) and F(x, 1 · α(x)) belong to W and there exists τ 0 ∈ (0, 1) such that F(x, τ α(x)) ∈ W for all τ ∈ [0, τ 0 ) while F(x, τ 0 α(x)) ∈ Fr(W ). Now it follows from p.b.i. for the pair (W, V ) that there exists
The following simple lemma is left for the reader. [CE71] . An open subset U ⊂ M is an isolating neighbourhood for the flow F if o x ∈ U for all x ∈ FrU = U \ U. A closed F-invariant subset X ⊂ M is isolated , if X is the maximal invariant subset of some isolating neighbourhood U of X. Let W be a compact D-submanifold of M with boundary w = W \ IntW . Denote
Then W is called an isolating block for F if w + ∩w − = τ and τ is a smooth submanifold of w with codimension one. Thus w + and w − are submanifolds (possibly with corners is so is W ) of w with common boundary τ . It follows that the interior of an isolating block is an isolating neighbourhood. Moreover, from (3) of Lemma 11.3 we obtain Lemma 11.5. If W is an isolating block, then for any subset V ⊂ IntW the pair (IntW, V ) has p.b.i. Theorem 11.6. [CE71] Let X ⊂ M be a closed isolated F invariant subset and U ⊃ X be its isolating neighbourhood. Then there exists an isolating block W such that X ⊂ IntW ⊂ U.
This result was established for the case when W is a manifold with boundary, but if ∂M is F-invariant and X ∩∂M = ∅, then the proof easily extends to D-submanifolds.
11.7. Semi-invariant sets. We say that W is negatively (positively) invariant with respect to F if for every x ∈ W and t ≤ 0 (t ≥ 0) such that (x, t) ∈ dom(F) we have F(x, t) ∈ W . In this case we will also say that W is semi-invariant. Proof. Notice that if x, F(x, T a) ∈ W for some a ∈ R and T > 1, then it follows from semi-invariance of W that F(x, τ a) ∈ W for all τ ∈ [0, T ]. Hence there are no x ∈ V , a ∈ R and T > 1 satisfying assumptions of Definition 11.1. Therefore (W, V ) has p.b.i. 11.9. Product of flows. For i = 1, 2 let M i be a manifold, F i be a vector field on M i , W i ⊂ M i be an open subset, and V i ⊂ W i be a subset. Denote M = M 1 ×M 2 and W = W 1 × W 2 . Consider the product of these vector fields F (x, y) = (F 1 (x), F 2 (y)) on M. It generates a local flow F(x, y, t) = (F 1 (x, t), F 2 (y, t) ). Proof. Let x = (x 1 , x 2 ) ∈ V , a ∈ R, and T > 1 be such that F(x, τ a) = (F 1 (x 1 , τ a) , F 2 (x 2 , τ a)) ∈ W, τ ∈ [0, 1) ∪ {T },
F(x, a) = (F 1 (x 1 , a), F 2 (x 2 , a)) ∈ FrW = (Fr(W 1 ) × W 2 ) ∪ (W 1 × Fr(W 2 )). In particular, F i (x i , a) ∈ Fr(W i ) for at least one index i = 1, 2. For definiteness assume that F 1 (x 1 , a) ∈ Fr(W 1 ). Since x 1 ∈ V 1 , it follows from p.b.i. for (W 1 , V 1 ) that there exists τ ′ ∈ (1, T ) such that F 1 (x 1 , τ ′ a) ∈ W 1 . Then F(x, τ ′ a) ∈ W as well. Hence (W, V ) has p.b.i. with respect to F . Proof. Due to Lemma 11.10 it suffices to assume that F is of type (Z), (L), or (H). If F is of type (Z) or (HE), then 0 has an arbitrary small invariant neighbourhoods W and by Lemma 11.8 (W, V ) has p.b.i. for any subset V ⊂ W . If F is of type (HS) then {0} ⊂ R 2 is an isolated invariant subset of any of its small neighbourhood, whence existence of W follows from Theorem 11.6, though it can easily be constructed without referring to this theorem.
It remains to consider the case when F (x) = Bx, where B is a Jordan cell corresponding either to some eigen value a ∈ R or to the pair of complex conjugate a ± ib, (a, b ∈ R). 1) If a > 0 (a < 0), then, e.g. [PM] , 0 has arbitrary small positively (negatively) F-invariant neighbourhoods W . Moreover, if B = for i = 2, . . . , m. In particular, for each x ∈ R m these functions are polynomials in t of degree ≤ m − 1. Hence for everyr > 0 there exists T > 0 such that if |x 0 | <r and x 0 is not a fixed point of F, then F(x, t) strictly monotone increases when increases t > T (decreases t < −T ).
For every r ≥ 0 let V r ⊂ R m be the closed m-disk of radius r centered at the origin and W r = Int(V r ) be its interior. Since F(0, t) = 0 for all t ∈ R, it follows that for every R > 0 there exists r <r such that F(V r × [−T, T ]) ⊂ W R , i.e. F(x, t) < R for x ≤ r and |t| ≤ T . We claim that the pair (W R , V r ) has p.b.i.
Suppose that for some x ∈ V r and a ∈ R we have F(x, τ a) ∈ W R for τ ∈ [0, 1) and F(x, a) ∈ Fr(W R ) = ∂V R , i.e. F(x, τ a) < R and F(x, a) = R. Then |a| > T , whence F(x, t) strictly monotone increases when increases |t|. In particular, F(x, τ a) > R for all τ > 1, i.e. F(x, τ a) ∈ V R = W R .
3) Suppose that λ = ib, (b = 0), is purely imagine but m = 2k ≥ 4 for some k ≥ 2.
Then regarding R m as C k we have that in complex coordinates A = Since |e ib | = 1, it follows that F(x, t) satisfies monotonicity conditions analogous to the case 2). Then by the similar arguments we obtain that for every R > 0 there exists r > 0 such that the pair (W R , V r ) has property p.b.i. 
